Introduction
Most machining processes in contemporary manufacturing are multi-station processes, involving a large number of machining operations and several locating datum changes. Each machining operation in such system introduces machining errors that are transformed and induce new machining errors as the workpiece moves through the process, resulting in a complex non-linear relationship between the workpiece dimensional errors and root causes of those errors.
Such intricate phenomena with errors accumulated up to a given manufacturing station being transformed and incurring new errors as the workpiece progresses through a multi-station manufacturing system have firstly been observed and analyzed in autobody assembly lines. The problem of modeling and reduction of dimensional variations in automotive body assembly was addressed in ͓1-5͔ through their analytical modeling and pattern recognition. This problem was revisited in ͓6͔ where the author suggested that the flow and transformation of dimensional errors in assembly lines from one station to the next one be modeled explicitly, effectively yielding a model in the state space form. This methodology was referred to as the Stream of Variation ͑SOV͒ approach and we will utilize this terminology in this paper.
The SOV methodology in auto-body assembly lines was since analyzed and refined in a series of papers. A linear state space model of dimensional errors in auto-body assembly lines was derived in ͓7͔ and improved in ͓8͔, using the assembly station index as the time parameter in the model. The special form of these models allowed incorporation of a vast knowledge of control theory and multivariate statistics to be employed in solving problems in assembly quality.
In most cases, analytical models of dimensional assembly errors have been employed to accomplish identification and classification of root causes of assembly errors ͓1-5,9-12͔. Also, analytical models have been utilized to achieve formal quantitative characterization ͓13,14͔ and optimal selection of measurements and sensor locations ͓15͔. In addition, Mantipragada and Whitney ͓16͔ derived a state-transition model of variation propagation in assembly lines and utilized the special form of that model to achieve optimal control of assembly variations.
Recent research resulted in a series of analytical tools pertaining to dimensional errors in multi-station machining systems, ͓17-19͔. In ͓18͔, a linear state space model is derived to describe the dimensional errors in multi-station machining processes. This model allows one to view the machining errors as the states of a discrete linear time-varying ͑LTV͒ system, the dimensional measurements of the workpiece as its outputs, and the operation number as the time index. The linear state space form of the model proposed in ͓18͔ facilitates the use of the discrete LTV systems theory in formal solution to a variety of problems in machining, whose solution currently involves a large amount of human intervention and often expert knowledge. Several such problems are root cause identification, measurement strategy and error compensation ͓20͔. Following ͓6͔, the model presented in ͓18͔ was referred to as the Stream of Variation ͑SOV͒ model. The linear state space form of this model has been utilized to define information based criteria for quantitative characterization of measurement schemes, as well as for optimal selection of most informative measurements ͓20,21͔.
It is noticed in ͓19͔ that even though the model derived in ͓18͔ was in the linear state space form, the expressions modeling the influence of errors in fixtures, locating datum and measurement datum features were not explicitly offered. This is the reason why in this paper we revisit the SOV modeling of dimensional machining errors from ͓18͔ and complete this linear state space modeling strategy by deriving explicit expressions for the influence of the errors in fixtures, locating datum features, and measurement datum features on dimensional errors in machining. These analytical results have not been reported previously and are essential to linear state space modeling of how errors accumulated up to a certain machining operation transform and incur new machining errors in subsequent machining operations. Following procedures outlined in ͓18͔ and explicit analytical results presented in this paper, one can derive an SOV model for any machining system, provided that adequate CAD/CAPP data about the machining process are available.
The rest of this paper is organized as follows. Section 2 briefly reiterates the linear state space modeling procedures from ͓18͔, with special emphasis on pointing out the role of modeling the where n denotes the total number of workpiece features, N denotes the total number of machining operations, n ជ i denotes the feature orientation, p ជ i the feature position and d ជ i denotes the vector of scalar parameters describing the feature ͑e.g., diameter of a cylinder, radius of a curve, or some other parameters describing the surface͒. This is a somewhat modified surface based CAD feature representation used in ͓22͔ and ͓17͔.
The workpiece parameters after machining operation k can be described by the vector
while dimensional machining errors after operation k can be represented by ⌬X͑k ͒ϭX͑ k ͒ϪX nom ͑ k ͒ where X nom (k) denotes the nominal vector X(k) of the machined feature parameters. Let X p MF (k) denote the actual parameters of the newly machined surfaces at operation k, expressed in the M F coordinate system. Also, let X p MF (k) denote the nominal vector X p MF (k) of parameters of the newly machined surfaces. Then, the difference between the actual and nominal parameters of the newly machined surfaces in operation k, expressed in the M F coordinates is
Similarly, errors in the vector of fixture locator positions in the M F coordinate system are given as
where f ជ (k) denotes the vector of actual fixture locator positions in the M F coordinate system, and f ជ nom (k) denotes the vector of nominal fixture locator positions in M F coordinates.
Let
Then, under the assumption that the machined workpiece behaves as a rigid body and under the assumption of small dimensional machining errors, following ͓18͔, one can derive the linearized model of dimensional machining errors in the form
where matrices A(k), kϭ1,2, . . . ,N express how machining errors ⌬X(k) after machining at station k depend on the errors ⌬X(kϪ1) of the previously machined surfaces, matrices B(k) show how errors ⌬X(k) depend on the newly introduced machining errors U(k) and vectors W(k), take into account the residuals after linearization and un-modeled effects. 
The vector ⌬O ជ MF (k) represents the small translation of the workpiece ͑and hence the part coordinate system P attached to it͒ in the machine frame coordinate system M F, induced by the errors in the fixtures and the previously machined locating datum features. Errors in the previously machined features and fixtures also cause a rotation of the workpiece in the machining station where operation k is performed, thus influencing the resulting dimensional errors ⌬X(k). Let us denote as ⌬ x MF (k), ⌬ y MF (k) and ⌬ z MF (k) the small rotations around the M F coordinate system axes x MF , y MF and z MF , respectively, such that these small rotations bring the coordinate system defined by the actual fixtures into its orientation when the fixtures are nominal 2 ͑fictive͒. Let us also denote as ⌬ x P (k), ⌬ y P (k) and ⌬ z P (k) the small rotations around the P coordinate system axes x P , y P and z P , respectively such that those small rotations bring the coordinate system P from its orientation where it is when the workpiece is rested on the actual locating surfaces into its orientation when the workpiece is rested on the nominal ͑fictive͒ locating surfaces. By definition, the vector of rotational errors
T depends only on the errors of the fixture parameters ⌬ f ជ (k), while the vector of rotational errors ⌬ ជ P (k)
T depends only on the errors of the previously machined locating surfaces, i.e., only on ⌬X(kϪ1). Therefore, there exist vector functions r ជ f ( f ជ (k)) and
ជ Neglecting the higher order error terms yields
As shown in ͓18͔, matrices S(k) and P(k) are necessary in order to derive matrices A(k) in Eq. ͑1͒, while matrices F(k) and H(k) are necessary to derive matrices B(k) in ͑1͒. Linearization procedures necessary to obtain matrices S(k), P(k), F(k) and H(k) , are presented in Section 3 of this paper. These procedures have not been reported previously and are essential for the derivation of the SOV models of machining processes, provided that adequate CAD/CAPP description of the process is available.
Measurement Equations.
Most measurement devices can express measurements in the coordinate system PЉ defined by the machined measurement datum surfaces of the part. Position and orientation of the coordinate system PЉ in the ideal part coordinate system P are defined by the parameters of the currently machined surfaces X(k). Thus, the measurements can be expressed in the actual part coordinate system PЉ as
Linearizing the equation for measurements Y (k) around nominal measurements Y nom (k) gives the expression for the measured machining errors
where and V(k) takes into account the residuals after linearization and the non-modeled effects.
Procedures to express the linearized connection between the measured dimensional errors ⌬Y (k) and the errors in part parameters ⌬X(k) expressed in the ideal ͑fictive͒ part coordinate system P are discussed in Section 3 of this paper. These procedures are necessary in order to obtain matrices C(k) in the output Eq. ͑5͒ and have not been reported previously.
State Space Equations.
As noted in ͓18͔, in order to obtain a linear state space model from the error propagation Eq. ͑1͒ and output Eq. ͑5͒ one should define matrices M red (k), k ϭ1,2, . . . ,N such that
where ⌬X red (k) contains only those machining errors that affect the features ͑e.g., for a planar feature, orientation error components normal to the plane orientation vector, position error component along the plane orientation vector and errors ⌬d ជ (k) in the vector of scalar features of the plane͒.
Rephrasing Eq. ͑1͒ in terms of the vector ⌬X red , gives the following system equations
where matrices M exp (k), kϭ1,2, . . . ,N are such that
with zero errors assumed for the error components not affecting the machined features,
Rephrasing Eq. ͑5͒ in terms of the vector ⌬X red yields the output equation of the form
where C red (k)ϭC(k)M exp (k) and kϭ1,2, . . . ,N. Equations ͑6͒ and ͑7͒ represent the model of dimensional machining errors in the linear state space form, with ⌬X red (k) being the vector of states, U(k) being the vector of system inputs, ⌬Y (k) being the vector of system outputs and operation index k playing the role of the time index. It should be noted that the operation index k in the modeling procedure presented in ͓18͔ and briefly outlined in this Section represents a process-level indicator that signifies the order in which a given machining operation is performed in the machining process. Thus, even in the case of a parallel machining line where several identical machines can do the same operation, the proposed linear-state space modeling techniques will still be applicable, as long as the machining operations and their sequences are the same in all paths that a workpiece can take in the machining system. However, if one wanted to utilize the SOV model to identify the sources of quality errors and variations in a parallel machining system, additional information about the path along which a given batch of workpieces went would be necessary to assign the identified root causes to physical machining stations through which those parts went. This paper deals only with modeling strategies and the problem of utilizing the SOV model for root cause identification is outside the scope of this paper.
Furthermore, one should note that analytical expressions t ជ O , r ជ f and r ជ X for the position and orientation of the workpiece based on the parameters of fixtures and locating datum surfaces can only be uniquely derived in the case of deterministic locating ͓23͔. In that case, small perturbations of the fixture parameters cause unique perturbations in the position and orientation of the workpiece ͓24͔. In this paper, we will assume that all fixtures in the machining system satisfy the deterministic fixturing condition and that functions t ជ O , r ជ f and r ជ X can be analytically derived. 
and let those positions be nominally Transactions of the ASME 
gives the transformation matrix
that transforms vector representation in the M FЈ coordinate system into that in the M F coordinate system. Expressions for vec-
can be found using analytical methods derived in ͓26͔.
Linearized expressions for the components of the vector
T can be found by linearizing expressions in the corresponding positions of the matrix T MF Ј →MF (k), with respect to the parameters f ជ (k), around the
T , this way one obtains the linearized expression
that corresponds to Eq. ͑3͒. Matrices H(k) connect the rotations ⌬ ជ MF (k) with the errors in the fixture parameters ⌬ f ជ (k). It is also possible to express the position of the origin of the M FЈ coordinate system in the M F coordinate system as a function of the fixture parameters f ជ (k)
Analytical results from ͓26͔ can again be used to find components
around the nominal fixture parameters f ជ nom (k) yields
where
Linear connection ͑9͒ will be necessary to express the linearized dependence of the shift of the part coordinate system origin O P in the M F coordinates due to the errors in the fixture parameters f ជ (k) and the errors in the previously machined surfaces X(kϪ1), as given in Eq. ͑2͒.
Influence of the Errors in the Locating Datum Features.
Let us assume that after machining operation kϪ1, the nominal ͑fictive͒ locating datum features of the part are used to locate the part in the fixtures in order to perform machining operation k. In this situation, let LЈ denote the coordinate system defined by the actual part features 3 machined in operation preceding operation k ͑i.e., operations 1,2, . . . ,kϪ1), such that when the part is located into the fixture at machining station where operation k is performed, it coincides with the coordinate system M FЈ defined by the actual fixtures at this machining station and described in the previous sub-section. Let the origin of the coordinate system LЈ be denoted as O L Ј and let x ជ L Ј , y ជ L Ј and z ជ L Ј denote the right-handed orthonormal basis vectors defining its coordinate axes x L Ј , y L Ј and z L Ј , respectively. It is also necessary to introduce the coordinate system PЈ that coincides with the part coordinate system P when the part is located using ideal ͑fictive͒ locating datum surfaces into machining station in which operation k is performed. Let its right-handed orthonormal basis vectors be denoted as x ជ P Ј , y ជ P Ј and z ជ P Ј , and its origin as O P Ј . In the rest of the paper, ͓v ជ ͔ P Ј will be used to denote representation of a vector v ជ in the coordinate system PЈ.
Since it is assumed that the part moves as a rigid body while it is located in the fixtures, we have that
where for operation k, T L Ј → P Ј (k) denotes the matrix that transforms vector representation in the coordinate system LЈ into representation in the coordinate system PЈ, while T MF Ј → P (k) denotes the matrix that transforms vector representation in the coordinate system M FЈ into representation in the coordinate system P. Also,
where T MF Ј → P Ј (k) denotes the transformation matrix transforming vector representation in the M FЈ coordinates into that in the PЈ coordinates and T MF→ P (k) is the nominal transformation matrix transforming vector representation in the M F coordinates into that in the P coordinates. Expressing x ជ L Ј , y ជ L Ј and z ជ L Ј in the part coordinate system PЈ in terms of the parameters of the actual, previously machined part
gives the transformation matrix T L Ј → P Ј (k) transforming vector representation in the LЈ coordinate system into that in the PЈ coordinate system as
where T P Ј → P (k) denotes the transformation matrix transforming vector representation in the PЈ coordinate system into that in the P coordinate system and T P→MF (k)ϭT MF→ P
Ϫ1
(k) is the nominal transformation matrix from vector representation in the P coordinates into that in the M F coordinates. Linearized expressions for the components of the vector
T can be found by linearizing expressions in the corresponding positions of the matrix
regarding the parameters in X(kϪ1), around nominal parameters X nom (kϪ1). Since nominally ⌬ ជ P ϭ͓0 0 0͔ T , this way one obtains the linearized expression
that corresponds to Eq. ͑4͒. Matrices P(k) connect the rotations ⌬ ជ P (k) with the errors in the previously machined surfaces ⌬X(kϪ1).
It is also possible to express the position of the origin of the LЈ coordinate system in the PЈ coordinate system as a function of the parameters of the previously machined surfaces X(kϪ1)
Linear connection ͑12͒ will be necessary to express the linearized dependence of the shift of the part coordinate system origin O P in the M F coordinates due to the errors in the fixture parameters f ជ (k) and the errors in the previously machined surfaces X(kϪ1), as given in Eq. ͑2͒.
Shift of the Part Coordinate System Origin Due to Errors in the Fixtures and Locating Datum Features.
Since it is assumed that while it is being located, the part moves as a rigid body, one has
On the other hand, we have
Combining Eqs. ͑13͒ and ͑14͒ gives,
where T P→MF (k) denotes the transformation matrix from vector representation in the part coordinate system P, into vector representation in the machine frame coordinate system M F. From Eq. ͑15͒, one obtains
where T P→ P Ј (k) denotes the transformation matrix transforming vector representation in the P coordinate system into that in the PЈ coordinate system. Matrices T P→ P Ј (k) and T MF Ј →MF (k) can be written as
Substituting Eqs. ͑9͒ and ͑12͒ into Eq. ͑17͒ and neglecting higher order error terms gives
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denotes nominal position of the origin O P of the part coordinate system P in the M F coordinates and
Substituting Eqs. ͑8͒ and ͑11͒ into Eq. ͑18͒ gives the linearized expression
After comparing Eqs. ͑2͒ and ͑19͒, one easily obtains that
In Eq. ͑2͒, matrices F(k) and S(k) participate in the linearized expression for the shift of the part coordinate system origin O P in the machine frame coordinate system M F, due to errors in fixture parameters and previously machined surfaces.
Influence of Errors in Measurement Datum Features on Measured Dimensional Errors.
Part parameters X(k) after machining operation k are expressed in the part coordinate system P defined by the ideally machined part features. The part coordinate system P is fictive and components of the vector X(k) cannot be observed in reality. If measurement datum features are machined after machining station k, actual measurements Y (k) are usually expressed relative to the actual ͑real͒ machined measurement datum features, whose parameters are contained within the vector X(k). Therefore, measured errors ⌬Y (k) of parameters of the machined part features depend on the errors of the measurement datum features, contained in the vector ⌬X(k). General procedures for deriving linearized dependencies between the measured errors ⌬Y (k) and the part parameters ⌬X(k), as expressed by Eq. ͑5͒, will be discussed in this subsection.
Let PЉ denote the coordinate system defined by the actual machined features that define the measurement datum. The corresponding ideal ͑fictive͒ part features define the part coordinate system P in which part parameters X(k) are expressed. Let OЉ denote the origin of the coordinate system PЉ, and let its righthanded orthonormal basis vectors determining its coordinate axes x P Љ , y P Љ and z P Љ be denoted as x ជ P Љ , y ជ P Љ and z ជ P Љ , respectively. Notation ͓v ជ ͔ P Љ will be used to denote representation of a vector v ជ in the coordinate system PЉ.
Expressing x ជ P Љ , y ជ P Љ and z ជ P Љ in the part coordinate system P in terms of the parameters X(k) of machined features as
ͬ that transforms vector representation in the PЉ coordinate system into that in the P coordinate system. The vector
denotes the triplet of small rotations ⌬ x P (k), ⌬ y P (k) and ⌬ z P (k) of the part coordinate system P around its axes x P , y P and z P , respectively, that bring its orientation to coincide with that of the PЉ coordinate system. Linearized expressions for the components of this vector can be found by linearizing expressions in the corresponding positions of the matrix T P Љ → P (k), with respect to the parameters X(k), around the nominal part parameters X nom (k). Since nominally, ⌬ ជ P (k)ϭ͓0 0 0͔
It is also possible to express the position of the origin of the PЉ coordinate system in the P coordinate system as a function of the part parameters X(k)
Since nominally, ͓O P O P Љ ជ ͔ P nom ϭ0 ជ , linearizing ͓O P O P Љ ជ ͔ P with respect to the parameters in X(k), around the nominal part parameters X nom (k) yields
Orientation n ជ i (k) of the feature i in the coordinate system PЉ is given as
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where T P→ P Љ (k) is the transformation matrix that transforms vector representation in the part coordinate system P into that in the coordinate system PЉ. Since nominally
one can obtain the linearized expression for the errors in the feature orientation in the coordinate system PЉ as
Position of the feature i in the coordinate system PЉ is given as
one can obtain the linearized expression for the errors in the feature position in PЉ coordinates as
describing the feature i remain the same, regardless of whether they are expressed in the part coordinate system P, or PЉ, and therefore errors ⌬d
From Eqs. ͑22͒-͑24͒ one obtains that measured dimensional errors of the feature i satisfy
is the dimension of the vector ⌬X(k) and
After stacking up Eqs. ͑25͒ for iϭ1,2, . . . ,n, one obtains
Linearized output Eq. ͑5͒ can now be easily derived by selecting components of the vector ⌬Ŷ (k) that are being measured after machining operation k. The output matrix C(k) comprises of the rows of the matrix Ĉ (k) corresponding to those components.
Summary of the Modeling Procedures.
The modeling procedures described in Section 3 can be summarized as follows. For each machining operation k:
1. Obtain a linearized model of the small fixture errors induced rotation and translation of the coordinate system defined by fixtures. This operation yields matrices H(k) and F 1 (k) from Eqs. ͑3͒ and ͑9͒.
2. Obtain a linearized model of small locating datum error induced rotation and translation of the part coordinate system. This operation yields matrices P(k) and S 1 (k) from Eqs. ͑4͒ and ͑12͒.
3. Obtain the linearized expression describing the small shift of the part coordinate system caused by errors in fixture parameters and locating datum surfaces. This operation yields matrices F(k) and S(k) from Eq. ͑2͒.
4. Matrices S(k) and P(k) are necessary for obtaining matrix A(k), while F(k) and H(k) are needed to obtain matrix B(k) in the error propagation Eq. ͑1͒.
5. If measurements are taken after operation k, obtain linearized expressions describing small translation and rotation of the part coordinate system induced by errors in the measurement datum features. This step yields matrices ⌸ 1 and ⌿ 1 from Eqs. ͑20͒ and ͑21͒. These matrices should then be used to express part features in the actual part coordinate system, according to Eqs. ͑22͒-͑25͒. 
Two-Dimensional Example of Modeling the Influence of Fixtures, Locating and Measurement Datum Features
A simple 2D example illustrating the procedures outlined in Section 3 is given in this Section. Let us observe a rectangular part shown in the plot ͑a͒ of Fig. 2 that needs to be positioned into the machining station for operation k using a simple fixture shown in plot ͑b͒. It will be assumed that features 1 and 2 have been machined in the previous operations and are used as the locating datum at this station, while nominal features 3 and 4 define the part coordinate system P. It is assumed that the part is located into the machining station as shown in plot ͑c͒.
Fixture parameters in the machine frame coordinate system M F will be labeled as
and nominally
Therefore, the vector of fixture parameters f ជ (k) is given as
Orientation and position parameters of the previously machined part features i, iϭ1,2,3,4 expressed in the part coordinate system P will be labeled as
In order to arrive to simpler expressions for the influence of the locating datum errors, it is assumed that
which means that the point used to denote the positions of locating datum features 1 and 2 nominally go into contact with locating pins L 1 and L 3 , respectively ͑one can always re-express the parameters of a locating datum feature so that the point denoting its position nominally goes into contact with one of the locating pins, which in turn can simplify the derivation of formulas͒.
Influence of the Errors in Fixture Parameters.
Let us observe the simple 2D fixture shown in Fig. 2͑b͒ . Locators L 1 and L 2 fix translation in the y MF direction, while locator L 3 fixes translation in the x MF direction. Since position parameters of the locating pins differ from their nominal values, the coordinate system M FЈ defined by the actual fixtures is translated and rotated with respect to the nominal machining frame coordinate system M F, as indicated in Fig. 3 .
Orthonormal basis vectors x ជ MF Ј and y ជ MF Ј defining the axes of the coordinate system M FЈ, can be expressed in the M F coordinates as 
in the first row and second column of matrix T MF Ј →MF (k), or negative of the expression
in the second row and first column of T MF Ј →MF (k), regarding the fixture parameters f ជ (k) and around f ជ nom (k), gives the linearized expression
Equation ͑26͒ corresponds to Eq. ͑3͒ and linearly connects the small rotation ⌬ z MF (k) with errors in the fixture parameters
thus yielding the matrix H(k).
Origin O MF Ј of the coordinate system M FЈ is in the intersection of the line passing through the locators L 1 and L 2 , and the line passing through L 3 , perpendicular to the line passing through L 1 and L 2 . Position of the point O MF Ј in M F coordinates is given by the vector
whose components can be determined by solving a simple system of linear equations and are found to be
Equation ͑27͒ corresponds to Eq. ͑9͒ and linearly connects the 
Influence of Errors in the Locating Datum Features.
As indicated in Fig. 4 , errors in the locating datum features cause the part and the attached part coordinate system P to translate and rotate with respect to its nominal position and orientation 5 , denoted by the coordinate system PЈ.
Orthonormal basis vectors x ជ L Ј and y ជ L Ј defining the axes of the coordinate system LЈ defined by the actual locating datum features, can be expressed in the PЈ coordinates as
and therefore, following Eq. ͑11͒ in Section 3.2
Linearizing the expression in the second row and first column of matrix T P Ј → P (k) ͑or negative of the expression in the first row and second column of T P Ј → P (k)), regarding the parameters of the previously machined surfaces in X(kϪ1) around X nom (kϪ1) gives
Equation ͑28͒ corresponds to Eq. ͑4͒ and linearly connects the small rotation ⌬ z P (k) with errors in the parameters of the previously machined surfaces ⌬X(kϪ1), thus yielding the matrix
The origin O L Ј of the LЈ coordinate system is in the intersection of the line passing in direction of x ជ L Ј through the point on feature 1 that goes into contact with the fixtures and the line passing in direction of y ជ L Ј through the point on feature 2 that goes into contact with the fixtures. Position of the point O L Ј in PЈ coordinates is given by the vector
Since it is assumed that points denoting positions of features 1 and 2 nominally go into contact with locating pins L 1 and L 3 , respectively, x O LЈ PЈ and y O LЈ PЈ are found by solving a simple system of linear equations as 
Equation ͑29͒ corresponds to Eq. ͑12͒ and linearly connects the small shift O MF Ј O L Ј ជ expressed in the PЈ coordinates, with errors in the parameters of the previously machined surfaces ⌬X(kϪ1), thus yielding the matrix S 1 (k).
Shift of the Part Coordinate System Origin Due to the Errors in the Fixtures and Locating Datum Features.
Following procedure outlined in Section 3.3, results in Sections 4.1 and 4.2 yield the shift of the origin of the part coordinate system P due to the errors in the fixtures and the locating datum features as 5 When the part is located on the actual locating datum features, the coordinate system LЈ defined by the actual locating features 1 and 2 is brought to coincide with the fixture coordinate system MFЈ, which causes the workpiece translation androtation O L Ј O MF Ј ជ and ⌬ z P (k). 
Equation ͑30͒ corresponds to Eq. ͑2͒ and linearly connects the shift of the part coordinate system origin with the errors in fixture parameters ⌬ f ជ (k) and errors in the previously machined features ⌬X(kϪ1), thus yielding matrices S(k) and F(k).
Influence of Errors in the Measurement Datum Features on Measured Dimensional Errors.
Feature 3 is considered in this example as the primary measurement datum defining the orientation of the coordinate system PЉ and its position in the y P direction of the part coordinate system P, while feature 4, considered as the secondary measurement datum defines the position of the coordinate system PЉ in the x P direction 6 , as indicated in Fig. 5 .
Orthonormal basis vectors x ជ P Љ and y ជ P Љ defining the axes of the coordinate system PЉ defined by the actual measurement datum features, can be expressed in the P coordinates as
Linearizing the expression in the second row and first column of T P Љ → P (k) ͑or negative of the expression in the first row and second column of T P Љ → P (k)) gives that
Equation ͑31͒ corresponds to Eq. ͑20͒ and linearly connects the small rotation ⌬ z PЉ (k) with errors in the part parameters ⌬X(k), thus yielding the matrix ⌸ 1 (k).
Origin O P Љ of the coordinate system PЉ is in the intersection of the line passing through the point defining the position of feature 3, in direction of x ជ P Љ , and the line passing through the point defining the position of feature 4, in direction of y ជ P Љ . Position of point O P Љ in P coordinates is described by the vector
whose components can be determined by solving the system of linear equations and are found to be
Linearizing the expressions for x O PЉ P (k) and y O PЉ P (k) regarding the parameters of the locating datum surfaces around their nominal values yields
Equation ͑32͒ corresponds to Eq. ͑21͒. It linearly connects the small shift O P O P Љ ជ expressed in part coordinates P, with errors in the part parameters ⌬X(k), thus yielding the matrix ⌿ 1 (k).
Once matrices ⌸ 1 (k) and ⌿ 1 (k) are found, one can use Eq. ͑25͒ to transform errors in part features ⌬X(k) expressed in the ideal ͑fictive͒ part coordinate system P, and express in them in the actual part coordinate system PЉ.
Experimental Results
The SOV model derived using methods presented in ͓18͔ and in this paper was experimentally tested in the machining of a cylinder head manufactured by a domestic car manufacturer and shown 6 Measured dimensional errors ⌬Y (k), which are expressed in the coordinate system PЉ are therefore dependent on the errors in the measurement datum features. ᠬ of the coordinate system PЉ defined by the actual measurement features with respect to the coordinate system P defined by the nominal measurement datum features in Fig. 6 . The part was machined according to the directions from the manufacturers. The process plan and locating datum features are identified in Table 1 . Due to the proprietary nature of the data dealt with in this experiment, real dimensions and their meanings are not mentioned explicitly.
A total of nϭ8 features were observed: six planes ͑rough datum plane X, rough datum plane Y, rough datum plane Z, Joint Face, Cover Face and Slot Plane͒ and two cylindrical features ͑hole B and hole C͒. Part coordinate system P was determined by the Joint Face, Hole B and Hole C, as indicated in the Fig. 6 . Axis z P of the part coordinate system forms a right hand oriented coordinate system and is pointing from the Joint Face towards the Cover Face feature.
The eight features involved in machining ͑six planar and two cylindrical features͒ were machined in Nϭ5 machining operations ͑the three rough datum features were not machined͒. Planes were described by a unit vector defining the plane orientation and one point in the plane defining its position. Cylindrical features were described by a unit vector defining the cylinder axis, one point on the cylinder axis defining its position, and by the cylinder diameter. The resulting state space model was of dimension 28 and the total number of inputs into the system was 56 ͑for details, see ͓18͔͒. After the last machining operation, all features were measured in the coordinate system defined by the machined Joint Face ͑primary measurement datum feature͒, datum hole B ͑sec-ondary measurement datum feature͒ and datum hole C ͑tertiary measurement datum feature͒. Machined features were not measured until the last operation was finished and hence the output matrices satisfy C͑k ͒ϭ0, kϭ1, . . . ,4, C͑5 ͒R 28ϫ28 .
Once the SOV model is postulated in the linear state space form, one can invoke some well known concepts from the discrete LTV systems theory, such as reachability and output reachability ͓27͔, and interpret them in terms of the machining process that is being modeled. The concept of reachability describes the influence of system inputs on the states of the system, while output reachability connects system inputs with the measured outputs of the system. In terms of the machining process being described by the SOV model, reachability describes influence of the machining error inputs U(k) on the errors in machined surface parameters ⌬X red (k), while output reachability describes influence of the input errors U(k) on the measured machining errors ⌬Y (k).
It was found that the reachability matrix RR 28ϫ280 from the first to the last machining operation, as defined in ͓27͔, satisfies rank Rϭ19ϭsϪ9
where sϭ28 is the total number of states. Full rank of the matrix R would imply that the machining error inputs U(k), k ϭ1,2, . . . ,N can produce any pattern of states X(N) in the SOV model. The rank deficiency occurs because the rough datum surfaces X, Y and Z are not machined in the process described in this case study, but participate in the formulation of the state space model. For the output reachability matrix R 0 R 28ϫ280 , from the first to the last machining operation, as defined in ͓27͔, it was found that rank R O ϭ19ϭsϪ9
Full rank of the matrix R O would imply that the machining errors inputs U(k), kϭ1,2, . . . ,N can produce any pattern of final part measurements Y (N). The apparent rank deficiency by 9 also comes due to the fact that surfaces X, Y and Z are not machined in this particular process. Tables 2, 3 and 4 show results of machining of the cylinder head shown in Fig. 2 . One cylinder head was machined with all the process parameters set to nominal. Second cylinder head was machined with the tool machining the Joint Face ͑a planar feature͒ misaligned by 500 micrometers. Finally, the third cylinder head was machined with a 750 micrometer thick shim inserted under one of the fixture pads, used in fixturing the part during the machining of the Joint Face and Holes B and C. All three machined parts were measured on a coordinate measurement machine ͑CMM͒ and the measurement results were compared with the Tables 2, 3 and 4, the model predictions match well the parameters of the actually measured features.
Discussion
The modeling procedures presented in this paper are based on linearizing kinematic relationships that describe introduction, propagation and transformation of dimensional errors in multistation machining systems. Linearization of the influence of errors in fixture parameters and locating datum features described in Sections 3.1-3.3 is necessary to obtain the error propagation Eq. ͑1͒, while linearization of the influence of measurement datum errors leads towards the measurement Eq. ͑5͒. Equations ͑1͒ and ͑5͒ in turn lead to a linear state space model ͑6͒-͑7͒ of dimensional machining errors.
Linearization errors are limited by the squared norm of the deviations of variables with respect to which linearization is performed, and therefore linearization error will satisfy
for some real constant C. It is thus visible that a larger number of machining operations N results in a larger upper limit on the linearization error. Nevertheless, this error will remain small for small deviations in parameters U(k) and ⌬X(k). Closer characterization of linearization errors would involve description of the constant C that depends on the second derivatives of the linearized vector functions. Such detailed characterization of linearization errors has not been performed in this paper. The modeling tools presented in this paper model the same phenomena that are modeled in several commercially available simulation packages, such as Variation Simulation Analysis ͑VSA͒ ͓28͔, or recently developed Machining Variation Analysis ͑MVA͒ ͓29͔ based on the concept of swept geometric modules ͓30͔. Nevertheless, these commercially available simulation tools do not depict the structure of the multi-station machining system the way SOV model does. The analytical nature and linear state space form of the SOV model allows one to exploit the achievements of control theory and multivariate statistics to accomplish rapid root cause identification ͓12͔, systems' diagnosability study ͓13,14͔, measurement scheme characterization, and synthesis of most informative measurement schemes ͓20,21͔. These numerous potential applications of the Stream of Variation modeling in machining are the distinctive marks that give the SOV methodologies an advantage over simulation based methodologies, in spite of the fact that current SOV models in machining do not model as many phenomena as the existing simulation tools. Therefore, potential applications of SOV methodologies justify future work in improving the SOV models through modeling of more phenomena that occur during machining ͑see next section for more details how these improvements can be made͒.
It should be noted that the system noise term W(k) and observation noise V(k) are random vectors. Furthermore, machining errors U(k) introduced during machining operation k are also random vectors and therefore, root cause estimation can be seen as the problem of estimating statistical properties of random vectors U(k), kϭ1,2, . . . ,N from noisy observations Y (k), k ͕1,2, . . . ,N͖. This estimation can be accomplished using various estimation techniques, such as Least Square Estimation ͓12͔, Maximum Likelihood Estimation ͓13͔, Linear Least Square Estimation or Worst Case Maximum Likelihood Estimation ͓20͔. Furthermore, statistical properties of the estimation error can be utilized to quantitatively assess the information content of the measurements that are Y (k), k͕1,2, . . . ,N͖ that are taken in the machining system and to optimally design the most informative measurement scheme ͓20͔. More details about possible use of the SOV modeling methodologies in machining can be found in ͓12-14,17-21͔ and references therein.
Inspecting experimental results presented in Section 5 shows certain discrepancies between the model predictions and measured dimensional errors of machining. These discrepancies are due to a large system noise and also due to inaccuracies of the casted rough datum surfaces X, Y and Z. Furthermore, the shim in the fixture was subject to compressive forces during the actual machining due to clamping and cutting forces, which made it shorter than its length when it was measured without any pressure applied on it. In addition, increasing depth of cut in machining of the second part, as well as in machining of the third part near the fixture pin with the shim under it, caused the material to push back the tool more strongly, and thus affected the tool movement. This effect was not taken into account by the model presented in this paper, which also contributed to the difference between the model predictions and experiment results. Finally, the previous section gives results of machining of two cylinder heads when process errors ͑fixture locator pin error and tool offset͒ were large, causing the linearization errors and ensuing model discrepancies to also be large. The reason for this was to show the model behavior in the case of large linearization errors and therefore reduced model accuracy. The model behavior in the presence of small process errors is closer to linear ͑due to smaller linearization errors͒ and is also very important in the context of model's ability to serve as the basis for identification of small process errors causing errors in dimensional quality of the workpiece. Nevertheless, identification of root causes of dimensional machining errors based on the SOV model is out of the scope of this paper and was not considered.
In spite of the aforementioned discrepancies, one can consider that the presented results are satisfactory, for two major reasons. Error patterns were as predicted by the model and discrepancies between the model and experimental measurements are small, having in mind the un-modeled effects that contribute to system noise.
Conclusions and Future Work
General procedures for modeling the influence of errors in fixture parameters, locating datum features and measurement datum features on dimensional machining errors are presented in this paper. These procedures are essential in the derivation of the Stream of Variation ͑SOV͒ model of dimensional machining errors. The linear state space form of the SOV model allows for the Transactions of the ASME achievements of control theory to be employed in formal solution to the problems in machining that are currently addressed in an informal way, such as root cause identification, sensor placement, error compensation, machining variation reduction etc. General procedures outlined in this paper allow one to postulate the SOV model, provided that adequate CAD/CAPP data are available. Nevertheless, automatic derivation of the SOV model, given the CAD/CAPP parameters of the machining process is out of the scope of this paper and is currently an on-going research. Efficacy and applicability of the modeling procedures presented in this paper are experimentally tested in a case study of machining of a cylinder head. Linear state space SOV model of the corresponding machining process was postulated based on the CAD/ CAPP description of the part. Using this model, rank tests of reachability and output reachability have also been conducted and interpreted in terms of the machining process at hand. Machining simulations based on the SOV model have been done and results were compared with the dimensions of the actual machined parts.
The modeling procedures presented in this paper capture only the kinematic effects of the machine tool movement and fixtures. Future work in SOV modeling needs to address modeling of more complex effects occurring in multi-station machining systems, such as thermal effects and tool/machine rigidity. In addition, capturing more GD&T information in the CAD feature description is also a challenge. Finally, this paper addressed only few aspects of the connections between the SOV model and control theory. Full utilization of advantages of the linear state space form of the SOV model in formal solution to problems in multi-station machining lines, such as root cause identification, diagnosability study, measurement scheme characterization and synthesis of most informative measurements are only several possible extensions of the work presented in this paper.
